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a b s t r a c t
The outerplanar index of a graph G is the smallest integer k such that the kth iterated
line graph of G is non-outerplanar. In this note, we show: (i) the characterization of the
forbidden subgraphs for graphswith outerplanar line graphs; (ii) that the outerplanar index
of a graph is either infinite or at most 3. Furthermore, we give a full characterization of all
graphs with respect to their outerplanar index.
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1. Introduction
We consider the problem of outerplanarity of line graphs and iterated line graphs. The main motivation for this work is
a result of Chartrand et al. [1] which characterizes graphs whose line graph is outerplanar:
Theorem 1.1. The line graph L(G) of a graph G is outerplanar if and only if ∆(G) ≤ 3, and if d(v) = 3 for a point v of G, then
v is a cut-point.
Greenwell and Hemminger in [2] gave a forbidden subgraphs characterization of graphs with planar line graphs;
recently, Ghebleh and Khatirinejad in [3] studied the planarity of iterated line graphs. Here we give similar results for the
outerplanarity of line graphs and iterated line graphs. All graphs consider here are simple and finite. All terms and notation
used here can be found in [4].
Here, we study the outerplanarity of the iterated line graphs of graphs. Given a graph G, we denote the kth iterated line
graph of G by Lk(G), where Lk(G) = L(Lk−1(G)). In particular, L0(G) = G and L1(G) = L(G) is the line graph of G.
Definition 1.1. The outerplanar index of a graph G is the smallest k such that Lk(G) is non-outerplanar. We denote the
outerplanar index of G by ξ(G). If Lk(G) is outerplanar for all k ≥ 0, we define ξ(G) = ∞.
It is well-known that if G is non-outerplanar then L(G) is also non-outerplanar. This implies
ξ(G) = 1+max{k|Lk(G) is outerplanar}.
In this note, we show: (i) the characterization of the forbidden subgraphs for graphs with outerplanar line graphs;
(ii) that the outerplanar index of a graph is either infinite or at most 3. Moreover, Theorem 3.4 completely characterizes
all graphs with respect to their outerplanar index.
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2. Forbidden subgraphs for graphs with outerplanar line graphs
For a graph K , a direct subdivision of K is obtained by replacing an edge u, w of K by a pair of edges (u, v), (v,w) such
that v ∈ V (K). A graph H is a subdivision of K if H can be obtained from K by a sequence of direct subdivisions. Let H and K
be two graphs. We say that H is homeomorphic to K if H is isomorphic to a subdivision of K .
The following well-known theorem can be found in [4].
Theorem 2.1. For any graph G, G is outerplanar if and only if G does not contain any subgraph homeomorphic to K4 or K2,3.
Theorem 2.2. The line graph L(G) of a graph G is outerplanar if and only if G has no subgraph homeomorphic to K2,3, K1,4 or
K1 + P3, where K1 + P3 is obtained by removing an edge from K4 (see Fig. 1).
Proof. We first prove the necessity. Clearly, if a subgraph of G is non-outerplanar then G is non-outerplanar. Thus, it is
sufficient to prove that all graphs homeomorphic to K2,3, K1,4 or K1+ P3 have non-outerplanar line graphs. Note that each of
the subdivisions of K2,3 and K1+P3 has a non-cut-point of degree 3; then by Theorem 1.1, a graph containing the subdivision
of K2,3 or K1 + P3 as a subgraph is non-outerplanar. Since any subdivision of K1,4 has a vertex of degree 4, the line graph is
non-outerplanar by Theorem 2.1. Thus we complete the proof of the necessity.
For the converse, suppose G is a graph which does not contain a subgraph homeomorphic to K2,3, K1,4 or K1 + P3. Since
G does not contain a subgraph homeomorphic to K1 + P3, it cannot contain a subgraph homeomorphic to K4. Similarly, G
does not contain a subgraph homeomorphic to K2,3; then by Theorem 2.1, we have that G is outerplanar. Note that G does
not contain K1,4; then∆(G) ≤ 3.
By Theorem 1.1, we shall show that G contains no cut-point of degree 3. Suppose, to the contrary, that G contains a cut-
point v. Let a, b, and c be three neighbors of v. Since v is not a cut-point, there is a path P1 from a to b that does not contain
v. We consider the following two cases.
Case 1. c is on the path P1. Then G contains a subgraph homeomorphic to K1 + P3.
Case 2. c is not on the path P1. Since v is not a cut-point, there is a path P from c to a that does not contain v. In the following,
we will consider two subcases.
Subcase 2.1. |V (P)∩ V (P1)| = 1. Then V (P)∩ V (P1) = a; thus G contains a subgraph homeomorphic to K1+ P3 (see Fig. 2).
Subcase 2.2. |V (P) ∩ V (P1)| ≥ 2. It is not difficult to see that G contains a subgraph homeomorphic to K2,3, which is a
contradiction (see Fig. 3). Therefore, we complete the proof. 
3. Outerplanarity of iterated line graphs
The following fact is clear; however, since it is used several times throughout this note, we state it formally:
Lemma 3.1. If H is a subgraph of G, then ξ(G) ≤ ξ(H).
1216 H. Lin et al. / Applied Mathematics Letters 24 (2011) 1214–1217
Fig. 3.
Fig. 4.
The following lemma is an immediate corollary of the above lemma.
Lemma 3.2. If G is a graph with∆(G) ≥ 3 and G ≁= K1,3, then ξ(G) ≤ 3.
Proof. If∆(G) ≥ 4, then L(G) contains a subgraph homeomorphic to K4 which implies that L(G) is non-outerplanar. Since G
is a graph with∆(G) ≥ 3 and G  K1,3, G contains G1 as a subgraph; see Fig. 4. Note that L3(G1) contains K2,3 as a subgraph;
then we have that L3(G1) is non-outerplanar by Lemma 3.1. Therefore, ξ(G) ≤ 3. 
By Lemma 3.1, the outerplanar index of a graph is the minimum of the outerplanar indices of its connected components.
Hence we may assume that from here on, all graphs are connected.
Theorem 3.1. For any graph G, we have ξ(G) ∈ {0, 1, 2, 3,∞}. Moreover, ξ(G) = ∞ if and only if G is a path, a cycle, or K1,3.
Proof. Let Pn and Cn denote, respectively, the path and cycle on n vertices and P0 be the empty graph, namely a graph with
no vertices and no edges. We know that L(Pn) = Pn−1 for n ≥ 1, L(P0) = P0, L(Cn) = Cn, and L(K1,3) = C3. Therefore if G is a
path, a cycle, or K1,3, then ξ(G) = ∞. Next, assume that G is connected and it is not a path or a cycle or K1,3; thus we have
∆(G) ≥ 3 and then by Lemma 3.2, we have ξ(G) ≤ 3. Thus, we complete the proof. 
A graph has outerplanar index 0 if and only if it is non-outerplanar. Theorems 1.1 and 2.2 give two different
characterizations of graphs with outerplanar index 1. Graphs with outerplanar index∞ are characterized in Theorem 3.1.
In the rest of this note we give the characterizations of graphs with outerplanar index 2 and 3.
Theorem 3.2. Let G be a connected graph. Then ξ(G) = 2 if and only if L(G) is outerplanar and G has a subgraph isomorphic to
one of the graphs G2 and G3 in Fig. 5.
Proof. Let G be a graph with ξ(G) = 2. Then we have ∆(G) = 3, and by the definition, L(G) is outerplanar while L2(G) is
non-outerplanar. By Theorem 1.1, L(G) either has a vertex ewith degree at least 4 in which case G contains G2 as a subgraph,
or it has a vertex ewith degree 3 which is not a cut-point. In the latter case, the vertex e of L(G) is an edge of Gwhich is not
a bridge. Hence G has a cycle containing e. Since e has degree 3 in L(G), G contains G3 as a subgraph.
To prove the converse, let H ≤ G be one of G2 and G3 in Fig. 5. If H ∼= G2, then L(H) has a vertex of degree at least 4,
which implies that L2(H) contains K4 and thus it is non-outerplanar. If H ∼= G3, then L(H) has a vertex of degree 3 which
is not a cut-point. Therefore, L2(H) is non-outerplanar by Theorem 1.1, which implies that L2(G) is non-outerplanar. Since
L(G) is outerplanar it follows that ξ(G) = 2. We complete the proof. 
To characterize the graphwith ξ(G) = 3, a graph family is needed. Let I(d1, d2, . . . , dt) denote the graphs of Fig. 6 (where
di ≥ 2 for i = 2, . . . , t − 1, and d1 ≥ 1).
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Theorem 3.3. For a graph G, ξ(G) = 3 if and only if G ∈ I(d1, d2, . . . , dt) (where di ≥ 2 for i = 2, . . . , t − 1, and d1 ≥ 1).
Proof. As shown in Fig. 5, it is easy to see that L(G) is outerplanar since every vertex of degree 3 in G is a cut-point. Similarly,
we have that L2(G) is outerplanar. We have a subgraph in L(G)which is homeomorphic to G3 in Fig. 5; then by Theorem 3.2,
we know that ξ(L(G)) = 2, and then we have ξ(G) = 3.
For the converse, let G be a graph for which ξ(G) = 3. By Lemma 3.2 and Theorem 3.1, we have ∆(G) = 3. Since G is
connected and not a cycle, ifG has a cycle C , then at least one vertex of C has degree 3 inG. HenceG contains the configuration
G3 of Fig. 5 and by Theorem 3.2, we have ξ(G) ≤ 2; this contradiction implies that G is a tree. If there exists an edge e = uv
such that d(u) = d(v) = 3, then dL(G)(e) = 4; thus we have that L2(G) is non-outerplanar, that is, ξ(G) = 2, which is a
contradiction. Therefore G ∈ I(d1, d2, . . . , dt) (where di ≥ 2 for i = 2, . . . , t − 1, and d1 ≥ 1). Thus we complete the proof.
The following theorem is a summary of results of this section, giving a full characterization of graphs with respect to
their outerplanar index.
Theorem 3.4. Let G be a connected graph. Then:
• ξ(G) = 0 if and only if G is non-outerplanar.
• ξ(G) = ∞ if and only if G is a path, a cycle, or K1,3.
• ξ(G) = 1 if and only if G is planar and G has a subgraph homeomorphic to K2,3, K1,4 or K1 + P3 in Fig. 1.
• ξ(G) = 2 if and only if L(G) is planar and G has a subgraph isomorphic to one of the graphs G2 and G3 in Fig. 5.
• ξ(G) = 3 if and only if G ∈ I(d1, d2, . . . , dt) (where di ≥ 2 for i = 2, . . . , t − 1, and d1 ≥ 1). 
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